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Abstract. We exhibit a family of ^-isomorphisms mapping the CAR algebra onto 
its even subalgebra. 

In 1970 E. St0rmer proved that the even subalgebra of the CAR 
algebra over an infinite dimensional separable Hilbert space is UHF 
of type 2°°, hence *-isomorphic to the CAR algebra itself [1]. But it 
seems to be unknown that such isomorphisms have a nice and sim- 
ple realization in terms of Bogoliubov endomorphisms with "statistical 
dimension" \/2. 

Bogoliubov endomorphisms are conveniently described using Araki's 
"selfdual" CAR algebra formalism [2]. Let /C be an infinite dimensional 
separable complex Hilbert space, equipped with a complex conjugation 
k i-^ k*, and let C(/C) denote the unique (simple) C*-algebra generated 
by 1 and the elements of /C, subject to the anticommutation relation 

k*k' + k'k* = {k,k')l, k,k'e}C. 

JC will henceforth be viewed as a subspace of C(/C) (but we caution the 
reader that the Hilbert space norm and the C*-norm differ on /C). Each 
isometry V on IC that commutes with complex conjugation extends to 
a unique unital *-endomorphism gv of C(/C). Such V has a well-defined 
Fredholm index ind V = — dim ker V* , and the statistical dimension 
of gv (i.e. the square root of the index of the inclusion gv{C{IC)) C 
C(/C)) was shown to equal 2~2™'^^ in [3]. The semigroup consisting 
of these isometries V will be denoted by I{IC), and the distinguished 
automorphism corresponding to — 1 S 2r(/C) by 7. This automorphism 
turns C(/C) into a Z2-graded algebra: C(/C) = C{IC)q(BC{IC)^ and C(/C)^- 
C(/C)g, C C(/C)^+g, where C(/C)^ := {a \ 7(a) = (-l)^a}, g e Z2 = 
{0,1}. 

PROPOSITION 1. LetV £ X(/C) with mdV = -I, and let ky G ker V* 
be unitary and skew-adjoint. Then uy '■= -^{l + ky) € C(/C) is unitary, 
and 

av{a) := tiy£)y(a)uy, a G C(/C) (1) 
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defines a unital *-isomorphism ay from C(/C) onto its even subalgebra 
C(/C)o. 

Proof. (|l|) clearly defines an injective *-endomorphism ay of C(/C). 
The direct sum decomposition IC = ker V* © ran V induces a Z2-graded 
tensor product decomposition C(/C) = C(kery*) • C{ianV), where the 
factors on the right are the subalgebras generated by ker V* and ran V, 
respectively. Prom C{kerV*)o = CI and C(kery*)i = Cky it fol- 
lows that C(/C)q = C(ranF)o + Cky ■ C(rany)i. Since uyauy = a 
if a E C(rany)o and uybuy = Uyb = kyb if 6 G C(ranF)i, ranfjy = 
ny (ran £)y)ity = uvC{r:anV)oUy + uvC{ranV)iUy = C(ran y)o + C/cy • 
C(rany)i =C{IC)q. 

Remarks. 1. V and ky as above always exist since dim/C = oo and 
since ker V* is invariant under complex conjugation, ky is determined 
by y up to a sign. The group of Bogoliubov automorphisms {qu \ U £ 
X(/C), ind 17 = 0} acts transitively on the set of isomorphisms {cry} by 
left multiplication. 

2. The identification of C(/C) with a 'conventional' CAR algebra 
A{7i), generated by elements a{f) and a{f)*, / € W as in depends 
on the choice of a closed subspace ("polarization") Ti d K. such that 
K = n®n*. Given H, one gets C(/C) ^ A{n) by identifying / G W 
with a(/). 

3. In [3] we constructed left inverses $y for Bogoliubov endomor- 
phisms Qy. We get a left inverse ipy for cry by setting (/Jy(a) : = 
<I>y(uyany). Each a e C(/C) has a unique decomposition a = ao + 
/cyoi + bi where Og G C(ranl/)g, 6i E C(/C)]^, and then (/Jy(a) = 
£'y"^(oo + oi). The conditional expectation cry o ipy from C(/C) onto 
C(/C)g coincides with the mean over Z2: ay{ipy{a)) = ^(a + 7(0)). 

4. Since the representation theory of the CAR algebra is well devel- 
oped, one may use the isomorphisms from the Proposition to study 
representations of the even CAR algebra. Por example, in the algebraic 
approach to the chiral Ising model [4], one has to study representations 
of the form vr o q-^ with vr a Pock representation of C(/C) and qw a 
Bogoliubov endomorphism. It was observed [5, 6], but regarded as a 
curiosity, that the restriction of vr o q-^ to C(/C)g behaves like a repre- 
sentation TTOQy/i of C(/C) for some W E with indM^' = indM^ — 1. 
This phenomenon is an immediate consequence of the Proposition since 
TTo £»^(C(/C)q) = vr o Q-^yr o cry(C(/C)) ~ vr o QT^y{C{}C)) and indW^F = 
ind VF — 1. In combination with results on representations of C(/C) [6, 3], 
one obtains the decomposition of the restriction of tto qw to C(/C)q into 
irreducible subrepresentations as discussed in [6]. 

^ a(/) depends linearly on / in [1]. 
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